Large Deviations on One Dimensional
Hypergroups

Abstract

Let S,, be a random walk on a Sturm-Liouville hypergroup (R4, *), i.e. a
Markov chain on Ry with stationary transition kernel P(z; A) = 5 % u(A)
where 4 € M'(K). The principle of large deviations is shown for the
distributions of S,,/n under the assumption that u is compactly supported.

1 Introduction

The interest in random walks on one dimensional hypergroups originates in King-
man’s |7] work on rotation invariant random vectors on R”. More generally this
concept can be used to study isotropic random walks on algebraic structures such
as Riemannian symmetric spaces of noncompact type and rank one (see [1]). For
random walks on one dimensional hypergroups several probabilistic limit theo-
rems have been proven including laws of large numbers and central limit theorems
(see [1, 11, 12]).

We shall study here the large deviation principle associated with the law of
large numbers for these random walks that is the large deviation principle for the
distributions of S, /n. This leads to an analogue of Cramér’s theorem concerning
large deviations for sums of independent identical distributed random variables
(as given for instance in Section 3 of [9]).

For the convenience of the reader we start by recalling some basic facts con-
cerning random walks and moment functions on hypergroups and the abstract
large deviation principle. In section 3 the large deviation upper bound is proven
under a suitable condition on the law u. The idea of the proof of the large de-
viation lower bound is to replace the exponential function by the multiplicative
functions of the hypergroup. We shall see in section 4 that this is indeed possible
whenever the law p has bounded support.

Finally let us remark that corresponding results are also available for random
walks on polynomial hypergroups on Ny (see [3]). Furthermore large deviation
principles of three levels for random walks on the dual Jacobi and on the dual
disk hypergroup can be found in [6].



2 Random walks on one dimensional hypergroups

2.1 A class of one dimensional hypergroups

Let R, = [0,00[ be a hypergroup; this means that there exists an associative
convolution (x,y) — 0, x 6, € M'(R,) satisfying certain conditions such that
M (R, ) is a Banach algebra with this convolution. For details and an exhaustive
list of examples we refer the interested reader to [1].

Now consider functions A : R, — R with the properties

(Ag) Ae C(Ry), A(x) > 0 for x > 0, and A restricted to |0, oco[ is continuously
differentiable.

(A1) One of the following two conditions is valid.

(A1a) A(0) =0 and for all x in a neighborhood of 0
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where ap > 0 and ay € C*°(R) satisfies a1 (—x) = —ay(z) for z € R.
(Ap) A(0) >0and A € CY(R,).

(Ay) There exists a function € C'(Ry) with 3(0) > 0 and i‘;((;)) — B(z) >

0. Furthermore the functions ’j‘/((;)) — B(z) and ¢ = %5’ _ 14

decreasing on |0, col.

A hypergroup (R, x*) is called Sturm-Liouville hypergroup (associated with A),
if there is a function A on R, satisfying (Ag) such that for every real valued
function f on Ry, which is the restriction of an even C*°-function on R, the
function uy : RY — R defined by us(z,y) := [ f(2)d, * 6,(2) belongs to C'(R2)
and is a solutlon of the partial differential equatlon
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and
uy(x,0) = 0 for x €]0, oo

Theorem 3.11 in [11] shows that to every function A with the properties (Ag)—
(As) there exists a Sturm-Liouville hypergroup associated with A. Note that all
known examples of hypergroups on R, fall within this framework.

In the sequel we assume without mention that every hypergroup (R.,x) is a
Sturm-Liouville hypergroup associated with a function A with the properties

(Ao)—(Az).



A function ¢ : Ry — C is called multiplicative if [ (2)d(d, * §,)(z) =
o(x)p(y) for all z,y € Ry. The multiplicative functions of Sturm-Liouville hy-
pergroups are the solutions ¢, of the Sturm-Liouville differential equation

(2.1) ¢K+%s@&+(k+p)% =0
(2.2) ©A(0) =1 and ¢\ (0)=0 (A€ C)
where

23 =l 5

The existence of p is proven in [11].

Ezxample:

Let a > —1/2 and A,(z) = 2?*™'. The Sturm-Liouville hypergroup associated
with A, (z) is called Bessel hypergroup to the parameter «. Its multiplicative
functions are given by ¢, (z) = A, (Az) where A, is the Bessel function to the
parameter o normed by A, (0) = 1.

2.2 Random walks

Let (K, *) be a hypergroup and let B(K) be its Borel o-algebra. Any Markov
chain S,, with state space K and stationary transition kernel is called random
walk with law p if Sp = 0 and its transition kernel is homogeneous with respect
to the convolution of the hypergroup in the following sense:

(2.4) P(z; A) :== 6, * pu(A) (r € K;A e B(K))

with a probability measure 1 on K.

For general properties of such random walks we refer to [1]. It is immediate
from the definition that the distribution of the variables S, is given by the n-fold
convolution product p™.

2.3 The modified moments

Forn >0, A € C and x € R, define functions ¢, (x) and m,(z) by
8 n
25 oule)i= (51) voe(@llea  and me) = o).

It can be shown that m,(z) > 0 for all n > 1. For p € M'(R,) the modified
expectation is defined as

(2.6) Eu(y) = / " (2)du(a).

The modified expectation plays an important role in the laws of large numbers
for random walks on R, (see [1, 11]). It will also occur in our large deviation
result below.



2.4 The abstract large deviation principle

Consider a sequence F;, of probability measures on a polish space E converging
weakly to a degenerate distribution at some point xy € F (in our main result
(Theorem 4.3) F,, will be the distribution of S,,/n and E the interval [0, oof).
The abstract definition of the large deviation principle is (see |2, 4] or [9]):

Definition 1. Let {F,},en be a sequence of probability measures on a polish
space E and {a, },en a divergent sequence of positive numbers. We say that {F), }
satisfies the large deviation principle with constants {a, },en and rate function
I:E — [0, co], if the following conditions hold:

(i) Iis lower semicontinuous and has compact level sets, i.e. for each m > 0
{z | I(x) < m} is compact.

(i) For each closed subset A of E

lim sup L log F,(A) < — inf I(z).

n—oco Qnp zeA
This is called the large deviation upper bound.

(iii) For each open subset G of E

lim inf L log F,(G) > — inf I(x).

n—oo  Qp zeG
This is called the large deviation lower bound.
Here and in the following log denotes the natural logarithm.

To prove these large deviation bounds we apply the following theorem due to
Ellis (Theorem I1.6.1 in [4]).

Theorem 1 (Ellis). Let W, be an arbitrary sequence of random variables with
values in R and {ap}neny a divergent sequence of positive numbers. Define for
teR

cn(t) == 1 log E(exp(tW,,)),

n

where E denotes the usual expectation of a random variable.
Assume that

(a) Each c,(t) is finite for every t € R.
(b) c(t) :=lim, o c,(t) exists and is finite for every t € R.
Let F,, be the distribution of W, /a,. Then the following conclusions hold.

(1) The function I(x) = sup,cp{tx—c(t)} is convez, lower semicontinuous, and
nonnegative. I(x) has compact level sets.
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(1) The large deviation upper bound is valid with constants {a,}nen and rate
function I(z).

(11i) Assume in addition that c(t) is continuously differentiable for all t € R.
Then the large deviation lower bound is valid with constants {an}nen and
rate function I(x).

3 The large deviation upper bound

Let (Ry,*) be a Sturm-Liouville hypergroup as above. For u € M'(R,) its
(usual) moment generating function f,(t) is defined by

(3.1) ) = [ e duto)

Theorem 2. Let (R, *) be as above and let p € M'(R,) be a probability measure
with f,(t) == [;° e du(x) < oo fort > 0.

Denote the random walk with law p by S, and let c,(t) = 1log E(exp(tS,)).
Then

(1) c,(t) exists for all t € R and is finite. Furthermore c(t) := limy, o ¢, (t)
exists for all t € R and is finite.

(1) The large deviation upper bound is valid for the distributions of S, /n, i.e.
for every closed set A C R

1
limsup — log P(S,/n € A) < — inf I(x)

n—oo N €A
where
0
I(a:) +00 T <
supjer {tz — c(t)} = >0

Proof. We have for m,n € N

(3.2) / e g () = / ) / " explt(e * ) dut™ (@)dp™ (),

where exp(t(z * y)) = [ d(, * §,)(2).
It is shown in [11] Proposition 3.9 that for all x,y € R
(3.3) Tré, * 6, C [z —y|,z + v

and consequently

(3-4) exp(t(z * y))
(3:5) exp(t(z * y))

exp(t(z +y))
exp(t(z +y))
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